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Enzymatic recycling of plastics is limited by the presence of semi-crystalline spherulites that are
recalcitrant to enzymatic depolymerization. Depending on the quality of the waste stream and its
treatment history, a large volume fraction of the material actually remains in form of connected
clusters of such spherulites. We build on a recently published numeric method to predict the number,
the connectivity, and the morphology of these clusters as an outcome of enzymatic degradation.
When applied to PET waste, our method predicts that the resulting aggregates are loosely connected,
“fluffy” structures with a high surface-to-volume ratio, accompanied by smaller clusters following
a continuous size distribution. By providing a quantitative framework for understanding the
microparticle production during the depolymerization, these findings should assist choosing a suitable
downstream treatment, such as filtering or flocculation. This work could thus help to advance the
enzymatic depolymerization technologies.

I. INTRODUCTION

The enzymatic degradation of polymer waste has
emerged as a promising route for chemical recycling, of-
fering true circularity in the usage of plastic resources
and mild reaction conditions compared to other chemical
methods [1–3]. Enzymatic degradation allows breaking
down polymer chains into short pieces and finally into
monomers, which can then be reused to make fresh vir-
gin plastics, without the quality loss that is observed
in other techniques. Semi-crystalline polymers, however
present a challenge to this method: while amorphous
regions are readily broken down by enzymes, ordered
crystalline domains do not offer sufficient chain mobility
and degradable site accessibility, and are thus depoly-
merized less efficiently [2, 4–14] and about an order of
magnitude more slowly. Indeed, crystalline domains are
not perfect monocrystals, often they are spherulites that
grew from a nucleation center. They have lamellar struc-
ture, alternating crystalline and disordered amorphous
layers [12]. Such confined and constrained amorphous do-
mains within the spherulites are less accessible to enzymes
and more recalcitrant to enzyme-catalyzed depolymeriza-
tion than amorphous matrix. Amorphous regions within
spherulites are thus depolymerized more slowly than fully
amorphous polymers [8, 11]. In semi-crystalline polymer
waste, the degradation kinetics is therefore coupled to
polymer morphology [8, 15, 16]. Amorphization pretreat-
ments alleviate this problem, but amorphization is never
complete. Moreover, to be efficient depolymerization has
to be carried out above the glass transition temperature,
at which further crystallization can occur. This concerns
in particular all semi-crystalline polyesters, among which
also poly(ethylene terephthalate) (PET). Understanding
the crystalline morphology and its evolution during enzy-
matic treatment is therefore critical for predicting yields
and timescales of the enzymatic degradation process.
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Recent experimental and modelling work [17] has re-
vealed that under typical conditions the enzymatic de-
polymerization of amorphous matrix competes with the
growth of embedded spherulitic, partly crystalline, do-
mains. The presence of both, the amorphous matrix and
the spherulites, results from the pre-treatment of the
plastic waste, in particular melting, rapid cooling, and
mechanical grinding. This competition between depoly-
merization and spherulite growth then determines the
final yield and the timescale of the degradation process.
The undegraded, residual material represents a significant
fraction of the initial polymer mass. Depending on the
quality of the waste stream and its treatment history,
at least 40% of the material actually remains in form of
spherulitic clusters [17, figure 12].

Questions naturally turn to how to further process the
leftover material. Beyond its total volume, also the mor-
phology of the residual material plays an important role:
Rather than yielding a uniform reduction in particle size,
the process generates a heterogeneous population of clus-
ters of crystalline spherulites that are eventually released
into the surrounding solution. Moreover, a closer look on
these spherulites reveals that they are not totally crys-
talline but consist of lamellae or similarly ordered stacks,
with amorphous material between them [17–19]. For ex-
ample in reference [17, Figure 10], efficient amorphization
pretreatment yielded an initial crystallinity degree as low
as 10%, which corresponds to a spherulite volume of al-
ready 35%. The small-scale amorphous phase within the
spherulites can be depolymerized, but it is less accessible
to enzymes than the bulk amorphous matrix and has
less mobility, and it is thus depolymerized on a larger
timescale [7]. It is thus useful to differentiate between
a “first stage”, in which the bulk amorphous matrix is
depolymerized, and in which partly crystalline spherulites
grow; and a “second stage”, in which also the amorphous
material within the spherulites is depolymerized [17, fig-
ure 12]. The two stages are not strictly successive in time,
they refer to the different timescales involved.

The rate at which the slow “second-stage” depolymer-
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Figure 1. Possible outcomes of the enzymatic degradation of
a plastic particle, for different processing conditions: many
small spherulites (top row), or various sizes of spherulite clus-
ters (middle row), or a single compact cluster of spherulites
(bottom row). The amorphous matrix (green) is degraded,
the spherulites (red) grow (and possibly nucleate) within the
amorphous matrix, finally remaining as connected clusters of
egg-shaped objects (black curves).

ization happens, strongly depends on the morphology of
the clusters that result from the faster “first stage”: If the
clusters expose much surface to the enzymes, for example
if they are rather fractal objects with thin local structures,
they are depolymerized at a higher rate than if they were
a dense compact object, exposing little surface. Knowing
the morphology of this material is thus interesting and im-
portant. In the present paper we analyze the morphology
of the clusters resulting from the “first stage”.

The morphology of the undegraded polymers might in-
fluence the overall design of the recycling process. There
are various decisions to take. Either the crystalline
spherulites are kept in the enzyme solution until they
are also degraded on a long or very long timescale (the
waiting strategy); or they have to be flocculated or filtered
out and treated similarly as the initial plastic waste, that
is melted, cooled, milled, and depolymerized (the filtering
strategy). In order to take such a design decision, it is
important to know the size distribution of the spherulites
produced (for the filtering strategy) and how much sur-
face they potentially expose to enzymes (for the waiting
strategy). For example, many very small spherulites in
the outcome propose themselves for the waiting strategy,
whereas compact big particles require to be filtered and
subjected to another round of the whole process.

Despite their importance for process optimization, the
geometric and statistical properties of these residual clus-
ters have received limited attention [8, 20, 21]. Key ques-
tions remain: How does the density and growth rate of
spherulites determine cluster morphology? Under what

conditions do spherulites remain isolated versus forming
large aggregates? What surface area do these clusters
expose for further enzymatic attack? Answering these
questions requires connecting the microscopic parameters
of spherulite nucleation and growth to the macroscopic
observables of cluster size distributions and surface prop-
erties.

Here we address these questions using a geometric
model that treats degradation as the coupled evolution of
a shrinking amorphous sphere containing randomly dis-
tributed, growing spherulites. Building on our previous
work [17], which focused on the total amount of degraded
and remaining volumes, we now characterize the resid-
ual clusters themselves. By solving the model equations
numerically and tracking the connectivity of overlapping
spherulites, we identify when clusters detach from the
degrading particle and determine their volume, surface
area, and internal structure. Applying these numerics to
the parameters we obtained in reference [17] for the exper-
imental degradation of PET from different waste sources,
allows us to make a prediction for the total amount and
for the distribution of structure and size of the leftover
crystalline clusters. Since experiments suggest that the
depolymerization of spherulites is much slower than that
of the amorphous matrix [17, figure 12], we neglect it in
the model. This work thus answers the question how far
depolymerization can go if only the amorphous matrix is
degraded. It does not explicitly describe the depolymer-
ization of inter-lamellar amorphous material in clusters.
Instead, it provides the morphology of these clusters,
which is useful for estimating their further degradation.

Our results demonstrate how the operating parameters
of enzymatic degradation – temperature (which controls
spherulite growth rate), residence time, and initial par-
ticle size – map onto a percolation phase diagram that
predicts residual cluster morphology. This connection
between process conditions and residual waste structure
provides a much simpler but still quantitative framework
for optimizing multi-stage degradation protocols: condi-
tions which maintain subcritical spherulite density yield
residues in small clusters only, amenable to rather quick
secondary treatment, whereas supercritical conditions pro-
duce compact aggregates requiring repeated processing
strategies such as mechanical separation and re-melting.

Our results further demonstrate how to predict cases
in which remains a big structured cluster of spherulites.
We develop a reduced model to predict the time of its
formation, which marks also the end of the degradation
process.

More broadly viewed, this work illustrates how con-
cepts from soft matter physics – percolation transitions,
surface-to-volume scaling, extreme value statistics, and
the statistical mechanics of random geometric structures
– illuminate practical problems in sustainable materials
processing. The geometric model we employ is sufficiently
simple to yield analytical insights while capturing the
essential physics of competing degradation and crystal-
lization. Extensions to more complex scenarios, includ-
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Figure 2. Top: the four different geometric volumes used in
the model, at a given time t: Already degraded volume Vdeg(t)
(light blue), the amorphous matrix Vam(t) (light green), the
volume of spherulite clusters still attached to the matrix Vatt(t)
(light red), and the volume of spherulite clusters not attached
anymore Vrel(t) (light purple). The thick curves show the in-
terfaces between these volumes, and the dotted curves indicate
spherical shapes. Bottom: the same volumes at consecutive
times.

ing nucleation, polydisperse spherulite populations, non-
uniform distributions, and anisotropic growth, represent
natural next steps in developing predictive models for
polymer degradation.

The paper is organized as follows: Section II reviews
the geometric model and establishes notation. Section III
presents numerical solutions of the model, including the
time-resolved release of spherulite clusters into the solute.
It provides the distributions of cluster sizes and their
surface properties. In sections IV and V we develop two
sub-models which predict the two relevant timescales of
the process, one for the formation of a dominant cluster,
the other for its “release” into the solute. Section VI ap-
plies the theory to parameters obtained from experimental
data.

II. SUMMARY OF THE GEOMETRICAL
MODEL

In reference [17] we presented a geometrical model for
the enzymatic degradation of plastic waste, where the
waste is thermally pre-treated and shred into small par-
ticles. The main issue addressed by the model is that
these polymer particles are semi-crystalline: They contain
partly crystalline spherulites which are degraded much

more slowly. The nucleation and growth of spherulites
inside the otherwise amorphous plastic particles is a result
of the chosen degradation conditions. In particular, the
reaction temperature must be high enough such that the
polymer chains in the amorphous parts are sufficiently
mobile for the enzymes to cleave them. At this temper-
ature crystalline spherulites nucleate and grow in time.
The overall degradation is then a competition between
depolymerization of the amorphous matrix at its surface
and the growth of embedded spherulites.

We take spherical geometry for both the degrading
particle and for the growing spherulites. The degradation
of the amorphous matrix is modelled by the shrinking of
a sphere, having at time t the radius

Rh(t) = Rh0 + Ṙht, with constant Ṙh < 0. (1)

The radius decreasing linearly in time reflects that the vol-
ume change of amorphous matrix material is proportional
to the area of surface it exposes to enzymes.

Each spherulite has a given initial radius and grows
at constant growth rate where it is in contact with the
amorphous matrix. For the sake of simplicity we take
the same initial radius and the same growth rate for
all spherulites, and we take the spherulites’ radius of
curvature to grow linearly in time,

Rs(t) = Rs0 + Ṙst, with constant Ṙs > 0. (2)

Initially, the spherulite positions are uniformly randomly
distributed within the amorphous sphere, such that they
do not stick out. Their number is denoted by Ns and
their density of centers (number per volume) by N ′

s.
As the radii evolve in time, the embedded spherulites

can come into contact with each other, and the amor-
phous matrix is degraded from the outside, such that
spherulites can start to stick out. Spherulites are mod-
elled to be non-degradable by enzymes, such that the part
of the spherulites outside the amorphous matrix does not
change anymore. The combined dynamics finally leaves
clusters of spherulites as a remainder. The shapes at some
intermediate times are shown in figures 1 and 2. The char-
acteristic egg-like shape of a spherulite, with its long axis
oriented towards the center of the particle, is the result of
intersecting a growing with a shrinking sphere. Figure 2
depicts volumes of three different phases: The amorphous
matrix Vam(t) in light green; the volume Vdeg(t) of matrix
having been degraded up to time t in light blue; and
the spherulite volume Vsph(t) which has some (partly)
crystalline structure. These three volumes always add up
to the initial volume Vtot := 4πR3

h0/3, which will serve to
normalize them,

Vam(t) + Vsph(t) + Vdeg(t) = Vtot. (3)

Within the volume Vsph(t) of the spherulite/crystalline
phase, we differentiate between those spherulite clusters
having been released into the surrounding and those clus-
ters still attached to the amorphous matrix – either em-
bedded in it, or partly sticking out. The former have
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volume Vrel(t) and are drawn in light purple in figure 2,
whereas the latter have volume Vatt(t) and are drawn in
light red. They satisfy

Vsph(t) = Vatt(t) + Vrel(t). (4)

Figure 2 further shows the interfaces between the dif-
ferent volumes. The rate at which amorphous volume
is converted into spherulite volume is proportional to
the area of the amorphous–spherulite interface (dark red
in figure 2). This quantity is – up to a constant scal-
ing factor corresponding to the internal degree of crys-
tallinity of the spherulites – accessible by experimental
techniques [15, 17, 22, 23].

At the same time as spherulites are shaped by the re-
ceding amorphous matrix, they block access of enzymes
to this matrix and thus effectively reduce the degrada-
tion rate. The degradation of the amorphous volume is
thus proportional to the area of the exposed amorphous–
solute interface (thick dark blue curves in figure 2). The
characteristic timescale of degradation is given by

τh := Rh0

/
|Ṙh|, (5)

which is the time a purely amorphous particle takes to
degrade. We denote units of length and time by L and
T , respectively.

Finally degraded volume

Solutions to equations (1)–(3) have been presented in
reference [17] in form of the time evolution of the volumes
involved. Figure 3 shows such solutions for three prototyp-
ical choices of parameters. The main quantities of interest
in reference [17] were the final yield, i.e. the amount of
degraded material, and the timescale on which it is ob-
tained. We discussed the influence of the parameters Rh0,
Rs0, Ṙh, Ṙs, and N ′

s.

Remaining spherulite clusters

Since we model the spherulites to be inert to enzymes,
and the spherulites grow only inside the amorphous sphere,
where they are in contact with the amorphous matrix.
Thus, spherulite clusters, consisting of partly overlap-
ping spherulites, grow while at least one of their member
spherulites is still attached to the matrix. Once the last
member spherulite has detached from the matrix, the clus-
ter of spherulites is considered as “released” and diffusing
away from the particle.

III. RELEASED CLUSTERS OF SPHERULITES

The numerical solution of the model equations, applied
to explicit sets of spherulite positions, gives access to
much more detailed information than we presented in
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parameters: Rs0 Ṙs N ′
s Rh0 Ṙh

dilute case 0.02L 0.02L/T 2387/L3 L −L/T
diverse case 0.02L 0.10L/T 2387/L3 L −L/T

dense case 0.02L 0.80L/T 2387/L3 L −L/T

Figure 3. Evolution in time of the four volumes Vrel(t), Vatt(t),
Vam(t), Vdeg(t). As guides to the eye, we use the same color
code for these volumes as in figure 2. The dashed red curves
and the solid stepwise lines refer to the left axes, the blue
dotted curves refer to the right axes. The characteristic per-
colation time (τp) and the characteristic final time of filling
(τf) – see below, in equations (7) and (13) – are marked on
the upper time axis of each graph. Top graph: spherulites
remain individual or form small clusters (dilute case). Mid-
dle graph: diverse sizes of smaller clusters are released, with
one bigger clusters at late time. Bottom graph: the growing
spherulites remain attached to the amorphous phase only for
short time and are released as one big cluster (dense case).
The table gives the model parameters used for the graphs.
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reference [17]. There we provided the amount of degraded
volume and the total amount of spherulite volume. The
numerical method uses adapted Delaunay/Voronoi tessel-
lations to integrate volume and surface of all individual
spherulites, and also to determine which of them overlap.
We thus have access to their connectivity and can identify
all connected clusters of spherulites [24]. For each such
cluster we determine whether it is still attached to the
amorphous matrix, that is whether one of its spherulites
overlaps with the shrinking sphere. Once a cluster has
detached, it is considered “released”, and we have access
to its volume and to its surface, by adding up the contri-
butions from all spherulites taking part in the connected
cluster.

The numerical technique thus allows to model the cre-
ation of spherulite clusters during the degradation process.
Figure 3 shows the evolution in time of the four different
volumes in the model: The blue dotted curves, referring
to the right axes, show the volume Vdeg(t) having been
degraded up to time t. The red dashed curves, referring
to the left axes, show the volume of spherulites, Vsph(t).
Thus, the volume of amorphous matrix, Vam(t) is the
vertical distance between blue and red curve – see the ver-
tical braces in the top panel of the figure. The spherulite
volume Vsph(t) is split into two parts, namely Vrel(t), the
volume of spherulite clusters having detached from the
amorphous matrix and been released into the solute, and
Vatt(t) the volume of spherulites still connected to the
amorphous matrix at time t, either directly or indirectly
as part of a cluster still being attached. The identification
of the four volumes in figure 3 has been eased by using a
background coloring scheme using the same colors as in
figure 3.

In figure 3 the two types of spherulite volumes, the
released clusters and the attached ones, are separated
by lines consisting of many discrete steps. At each step
a spherulite cluster is released from the particle. There
are many small steps, hardly visible individually, and a
final (big) step which is the “release” of the remaining
spherulite cluster, when all amorphous matrix has been
degraded.

In the top panel of figure 3 the overall degradation
is very good, and only 19% of the initial material is
finally found in form of spherulites. The spherulites are
continuously released as very small clusters until the end
of the process. This case corresponds to small and slowly
growing spherulites. In the middle panel spherulites grow
faster, leading to the release of a few very small clusters
in the beginning; the main volume, however, is connected
to a main cluster until the end of the depolymerization
at quite late time. The final cluster has around 50% of
the initial volume. In the bottom panel the spherulites
grow so fast that they clump together quickly and form
one dense cluster after short time. There are no small
clusters, and only a few percent of the matrix material
could be degraded.

Figure 4 shows volume and surface of every released
cluster, including the final cluster, for the three cases given
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Figure 4. Top graph: Volume and surface of every cluster
formed in the evolutions shown in figure 3. Bottom graph:
The same data, plotted on a different vertical axis which shows
how “sphere-like” the cluster is. Numeric values are given in
table I.

in figure 3. The “dilute” case is dominated by individual

dilute diverse dense
Ns 9939 9939 9939

number of clusters 3700 738 1∑
c

volume of cluster c

4πR3
h0/3

0.19 0.56 0.91

∑
c

surface of cluster c

4πR2
h0

5.9 5.6 1.2∑
c

surface of cluster c
4πR2

h0[∑
c

volume of cluster c
4πR3

h0
/3

]2/3 18.2 8.2 1.27

max
c

surface of cluster c
4πR2

h0[
volume of cluster c

4πR3
h0

/3

]2/3 8.6 7.2 1.27

max
c

volume of cluster c

4πR3
h0/3

0.047 0.53 0.91

maximal number of
spherulites in a cluster 1533 8648 9939

Table I. Quantitative measures of the spherulite clusters shown
in figure 4.
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sphere-like spherulites; there are also many small clusters
of spherulites partly overlapping. In the opposite, “dense”
case only one cluster remains. Its shape is close to a
sphere, having only little extra surface, which comes from
spherulites bulging out a bit. In the intermediate case of
“diverse” cluster sizes, we find again small ones, but there
is also a dominating cluster, which is loosely connected
and has a large surface. It contains about half of the
initial volume. Table I provides quantitative information
about the clusters, in particular their number, the sum of
their volumes and of their surface areas. Also, the largest
clusters are quantified there.

In order to obtain a clearer idea of how much more
surface these clusters expose, in figure 4 we plot the same
data in two different ways. In the lower panel, the vertical
axis provides a surface-to-volume ratio for each cluster,
which compares the cluster’s surface with the surface of
a sphere having the same volume as the cluster. This
measure gives an idea how much excess surface the cluster
has due to its complex structure. We find that in the
“dense” case volume and surface are close to those of a
sphere, its surface is only 1.27 times larger, see again
table I. It is thus a compact, round object; the lowest
row in figure 1 gives a good idea of how the “dense” final
cluster might look like.

Very differently, in the “diverse” case we find much
more surface, with a total surface-to-volume ratio of 8.2.
Already the dominating cluster has a ratio of 7.2.

Finally, in the “dilute” case we find only small clusters,
the largest cluster volume has only 4.7% of the total
cluster volume. The many small clusters together have
huge excess surface, with a surface-to-volume ratio of 18.2.
This is not surprising, since we have 3700 clusters, formed
from the initial 9939 spherulites, thus on average only
three spherulites per cluster. Nevertheless, there are also
bigger clusters, up to 1533 spherulites for the largest one.
This cluster has a similar structure as the dominating one
in the “diverse” case, its surface-to-volume ratio is 8.6.

The dramatic increase of surface, relative to volume,
of small or loosely connected clusters is a true advantage
for a possible second stage of degradation. With eight
or eighteen times more surface even a five times slower
degradation can be useful.

Figure 4 gives an indication how compact a cluster is,
based on its volume and surface. It gives a rough idea
of the cluster’s size – but rather indirectly. In figure 5
we show a histogram of the sizes of these clusters. For
complex objects made of several spherulites, the term
“size” is not as well-defined as are volume and surface.
Here, we measured the extent of the cluster parallel to
each Cartesian coordinate axis, that is the smallest and
the largest Cartesian coordinate of all its spherulites. The
“size” referred to in figure 5 is the largest such extent.

In figure 5 we see the same qualitative picture as in
figure 4: The “dilute” case results in a continuum of
clusters, where larger clusters are increasingly rare. The
“various” case exhibits a discontinuous distribution of sizes,
with small clusters and a large one, essentially of the same
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Figure 5. Histogram of sizes of the clusters formed in the
evolutions shown in figure 3. Here, “size” refers to the maximal
extent along the three Cartesian coordinate axes.

size as the initial particle. The gap between the sizes is
well visible. The “dense” case results only in large clusters,
again of the same size as the initial particle.

IV. FOCUS MODEL: PREDICTING THE
PERCOLATION TIME

In figures 3, 4 and 5 we find a crossover between two
extremes, one being mainly isolated spherulites, or very
small clusters of them, the other being a single big cluster
of nearly all spherulites. We can rationalize this result
using a simplification that is known in the scientific liter-
ature of percolation thresholds as the “continuum percola-
tion model”1 [25–28]. There, many spheres are randomly
placed in infinite or periodic space. Mutual overlap of
spheres defines a “connectivity” between them, such that
“clusters” of connected spheres can be identified. The
main question addressed in the context of percolation is
whether there is a dominant cluster.

Let us simplify the setting of our model and neglect
the time evolution of spherulites and of particles. We do
numerical calculations of the percolation test, adapted
to our setting of spherulites within a particle: In three
spatial dimensions we randomly place Ns small spheres
of radius Rs in a big sphere of radius Rh > Rs. Their
spatial distribution is chosen such that the centers are
uniformly distributed inside the large sphere. We then
determine the connectivity of the small spheres and count
for each connected cluster the number of involved small
spheres. We further count how many clusters we have for
a given number of involved spheres. The whole process
is repeated M times to obtain better statistics, and it is
repeated for various values of Rs. Figure 6 presents the
result: For every observed number of spheres in a cluster

1 Various names have been given to the model, such as “off-lattice
percolation”, ”fully penetrable spheres”, ”overlapping spheres”, the
“Swiss-cheese model”, or the ”Poisson blob model.”
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is an estimate for the percolation threshold.
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Figure 7. The percolation indicator 3
√
NsRs(t)/Rh(t) as a

function of time, for the same parameters as for the curves in
figure 3. The times when they cross the percolation threshold
(dotted line) are marked by circles and on the upper time axis.

the figure shows a little square. Its color encodes how
often this cluster size has been observed, averaged over
the repetitions.

The percolation transition is very well visible in figure 6:
There is a threshold value near 3

√
NsRs/Rh ≈

√
1/2,

see also reference [29]. Below the threshold, for small
or few spherulites, cluster sizes behave monotonously,
small clusters are very numerous, bigger clusters less
numerous, and there is no dominating cluster. Above
the threshold, one cluster dominates, combining nearly
all spheres, accompanied by only a few additional small
clusters.

The percolation model allows to understand the dif-
ference between the three cases in figures 3, 4 and 5
qualitatively and quantitatively. In figure 7 we draw
the parameters as a function of time, such that we can

trace their combination relevant for the clustering, namely
3
√
NsRs/Rh over time. These parameter functions are

linear, essentially showing the growth of the spherulite ra-
dius Rs(t). The times when the parameter lines cross the
percolation threshold are marked with circles in figure 7.
They are given by resolving the percolation condition

3
√

NsRs/Rh =
√

1/2 (6)

for the time, yielding the characteristic time of percolation

τp :=
1

Ṙs

( √
1/2

3
√
N ′

s4π/3
−Rs0

)
. (7)

Inserting the parameters of figure 3, we obtain

τp/τh
dilute case 0.55

diverse case 0.11
dense case 0.014.

(8)

These values are also indicated on the upper time axes of
the graphs in figure 3. In the top two graphs we see that
τp indicates the typical timescale when small spheres add
up to a considerable volume. This is precisely the setting
of the percolation approximation.

With the percolation model in mind, it becomes an
evident fact that for an initial volume of spherulites higher
than 0.35%, more precisely for Vsph(0)/Vtot > 2−3/2, the
dilute case is impossible. There will always be a dominant
cluster, either densely packed or fluffy.

V. FOCUS MODEL: PREDICTING THE TIME
WHEN DEPOLYMERIZATION ENDS

In the previous section we presented a reduced effective
model for the percolation time τp. Here we proceed to
develop another reduced effective model focusing on the
“release” time of a dominant remaining cluster, τf . This
time marks the end of the depolymerization of the particle
and is well visible as a pronounced final step in each
graph of figure 3. In the detailed numerics of figure 3,
the time of “release” is defined to be the moment when
the shrinking sphere, which represents the amorphous
matrix, exposes no surface to the enzymes anymore. Some
enclosed cavities of amorphous matrix may still be left, but
they are small and will disappear shortly after. Effectively,
the time of release nearly coincides with the time when the
sphere representing the amorphous matrix is completely
filled by spherulites. We are thus looking for the formation
time of a dense core of the remaining cluster.

Our reduced model should therefore answer the question
at what (growing) radius Rs(τf ) spherulites, which have
been placed randomly in space at a given density (of
centers) N ′

s, fill space completely.
We consider again a Delaunay tessellation, in which

every vertex carries one spherulite center. A Delaunay cell
is then a tetrahedron (simplex) having four such Delaunay
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Figure 8. Black line: Histogram of the distances dVD from
every Voronoi vertex to the corners of its dual Delaunay cell,
taken from 103 tessellations of uniformly random points in a
periodic cube of side-length L. Red line: Histogram of the
largest distance dmax

VD in each of 104 tessellations. In both cases
the density of input Delaunay vertices is N ′

s = 2387/L3. Both
histograms are normalized to have unit integral.

vertices at its corners, and it corresponds to one Voronoi
vertex of the dual tessellation. The dual (Voronoi) vertex
has the same distance dV D to all four vertices of the
Delaunay cell. This means that the growing spherulites,
centered in the corners of the Delaunay tetrahedron, will
meet in that very dual Voronoi point at the moment they
completely fill the Delaunay tetrahedron. At that time all
four spherulite radii will be equal to the distance dV D of
this cell. Since the positions of spherulites are random
variables, also the distance dV D and the complete-filling
time are random variables, for each Delaunay cell.

The latest closure of any point in the whole tessellation
will take place at the Voronoi vertex which has the largest
distance to its Delaunay neighbors. This is the respective
maximum of all dV D in this tessellation, dmax

V D , which is
also a random variable. We will ask for its distribution
and its mean value. The question for the maximum of
several random variables is a classical one, treated in
the statistics community under the term extreme value
statistics [30–33].

The task can be solved numerically: We generate a
set of uniformly random input vertices, calculate the
Delaunay tessellation and its dual. We then measure the
distance between Voronoi vertex and Delaunay vertices
in each Delaunay cell, and determine the largest such
distance in the tessellation. In order to obtain good
statistics, we repeat the process for many tessellations
which differ by their random positions of input vertices,
keeping the number of Delaunay input points the same.
Finite-size effects are limited to a minimum by performing
the tessellations in a periodic cube of side-length L.

Figure 8 shows the resulting histograms of both types of
distances. The black line is the histogram of all Delaunay-
to-Voronoi distances dV D, collected from all distances in
many tessellations. Its shape is close to the probability
density function of a normal distribution, but its lower
tail is of course limited by dV D > 0, and its upper tail
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Figure 9. Dependence on the input density N ′
s of the three

parameters ℓ, s, c of the generalized extreme-value distribution,
together with its mean value ⟨dmax

VD ⟩. The scaling exponents
are fitted by the eye.

by the periodic box. The red line in figure 8 is the his-
togram of the respective largest such distance found in
each tessellation, dmax

V D , collected from many tessellations.
This histogram is close to a generalized extreme-value
distribution [33] which is parameterized by a shape pa-
rameter c > 0, a location parameter ℓ, and a scaling
parameter s, and which has the probability density func-
tion [34]

ρ(d; c, ℓ, s) =
1

s
exp

(
−
[
1− d−ℓ

s/c

] 1
c
) [

1− d−ℓ

s/c

] 1
c−1

. (9)

The mean is given in terms of the gamma function [35, 36],

⟨d⟩ = ℓ+
s

c

(
1− |Γ(c+ 1)|

)
. (10)

It remains to determine the dependence of parameters
c, ℓ, s on the density N ′

s of input points (spherulite cen-
ters). We varied N ′

s and fitted the function (9) to the
observed distances dmax

V D . The best-fit parameters are
given in figure 9. In the upper graph we observe that the
parameters follow power laws, and we determine their ex-
ponents. In the lower graph we determine the prefactors.
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The mean of the maximal distance then scales as

⟨dmax
V D ⟩ ≈ 1.2L (N ′

sL3)−0.31, (11)

with better matches for large N ′
s. With expression (11)

we obtain the average time τf when the last little cavity
of amorphous matrix is being converted into spherulite
material,

τf = min
{ 1

Ṙs

(〈
dmax
V D

〉
−Rs0

)
, τh

}
(12)

≈ min
{ 1

Ṙs

(
1.2L (N ′

sL3)−0.31 −Rs0

)
, τh

}
. (13)

As argued at the beginning of the present section, this is
close to the moment we called release of the final (big)
cluster in the previous sections, and which implies the
end of the depolymerization process, and which is marked
by the last big step in figure 3. Inserting the parameters
of figure 3, we obtain the values

τf/τh
dilute case 1.00

diverse case 0.86
dense case 0.11.

(14)

These values are also marked on the upper time axes of
figure 3. In the “dilute” case the formula (13) hits the
maximal allowed value, τh, which is the correct behavior
also observed in figure 3. In the “diverse” case, the formula
slightly overestimates the release time – either because
the latter is stochastic in nature and figure 3 shows just
one realization, or because the difference between the first
closure of the amorphous matrix’ exposed surface and the
last filling of its bulk by spherulites is not as small as
we expected. In the “dense” case, the formula correctly
predicts the release time of the cluster.

VI. EXAMPLE: PREDICTIONS FOR PET
WASTE DEPOLYMERIZATION

In reference [17] we fitted the model parameters to ex-
perimental data. There, two different sources of PET were
treated, from bottle flakes, and from textile waste [23],
and they were degraded at different temperatures. Fitting
the model to the experimental data yielded the param-
eters given in the table of figure 10. In particular, the
initial sizes of the particle and of the spherulites are taken
to be

Rh0 = 80µm,

Rs0 = 1.5µm or 1.6µm.
(15)

The solution of the model equations for these parame-
ters are reproduced in the graphs of figure 10. The style
of the graphs is the same as of those in figure 3, showing
the four volumes Vdeg(t), Vam(t), Vatt(t), Vrel(t). For a
detailed interpretation of these curves see reference [17].
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parameters: Rs0 Ṙs N ′
s Rh0 Ṙh

bottle 65◦C 1.5µm 0.01µm/h 0.03/(µm)3 80µm −7.20µm/h
bottle 68◦C 1.5µm 0.05µm/h 0.03/(µm)3 80µm −8.68µm/h
bottle 75◦C 1.5µm 0.23µm/h 0.03/(µm)3 80µm −15.02µm/h
textile 65◦C 1.6µm 0.01µm/h 0.03/(µm)3 80µm −8.08µm/h
textile 75◦C 1.6µm 0.49µm/h 0.03/(µm)3 80µm −13.71µm/h

Figure 10. Release of the spherulite clusters (continuous lines),
and evolution in time of the four volumes Vrel(t), Vatt(t),
Vam(t), Vdeg(t). The plot style is the same as in figure 3:
Vdeg(t) (dotted curves) refer to the right axis; Vsph(t) (dashed
curves) and Vrel(t) (solid lines) refer to the left axis. The colors
refer to different materials. The model parameters used for the
graphs, as given in the table, are obtained from experimental
data from two different waste sources at different temperatures,
see reference [17].

We can now add the numerical prediction for the re-
maining spherulite clusters to the expected outcome of
these experiments. The release curves of spherulite clus-
ters, obtained from detailed numerics, are shown in the
graphs of figure 10 as continuous lines. The formation
of spherulite clusters has two characteristic times, as dis-
cussed in sections IV and V, namely τp for the occurrence
of a globally connected dominant cluster, and τf of the
final release of the remaining cluster. We obtain their
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overall quantities: bottle 65◦C bottle 68◦C bottle 75◦C textile 65◦C textile 75◦C

Ns 63811 63694 64038 63681 64138

number of clusters 2429 1539 771 1474 267(∑
c

volume of cluster c
) / (

4πR3
h0/3

)
0.37 0.42 0.53 0.40 0.72(∑

c

surface of cluster c
) / (

4πR2
h0

)
15.2 15.4 14.8 15.4 10.7∑

c surface of cluster c

4πR2
h0

/ [∑
c

volume of cluster c

4πR3
h0/3

]2/3
29.5 27.7 22.5 28.4 13.4

quantities of the dominant cluster c:

number of spherulites in cluster c 58642 60506 62622 60790 63732(
volume of cluster c

) / (
4πR3

h0/3
)

0.34 0.39 0.52 0.38 0.71(
surface of cluster c

) / (
4πR2

h0

)
13.6 14.4 14.3 14.5 10.5

surface of cluster c

4πR2
h0

/ [∑
c

volume of cluster c

4πR3
h0/3

]2/3
28.1 26.8 22.1 27.6 13.2

Table II. Quantitative measures of the spherulite clusters shown in figure 11.
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Figure 11. Geometric measures of every spherulite cluster
released in the evolutions shown in figure 10. Numeric values
are given in table II.

values from equations (7) and (13),

τh τp τf τf/τh
bottle 65◦C 11.1h −9.3h 11.1h 1
bottle 68◦C 9.2h −2.2h 9.2h 1
bottle 75◦C 5.3h −0.5h 5.3h 1
textile 65◦C 9.9h −22.2h 9.9h 1
textile 75◦C 5.8h −0.4h 4.0h 0.7 .

(16)

The values for the percolation time τp are all negative,
which means that the initial parameters are already above
the percolation threshold. It is therefore impossible to
find here the “dilute case” that we saw in figures 3, 4,
and 5. The experimental conditions used on the given
materials always lead to a dominant remaining cluster of
spherulites, either to a densely packed one or to a fluffy
one. There are also additional small clusters.

The characteristic times in equation (16) are marked
also on the upper time axes in the graphs of figure 10.
They coincide very well with the release times of the final
particle, which are obtained from the detailed numerical
solution of the model, and which is visible as the big
steps in the curves indicating the cluster releases (thick
continuous lines). This coincidence is not a surprise, as
equation (16) gives nearly all release times as the largest
possible ones, τh, with one exception, τ75

◦C
f . We thus

learn that the experimental conditions were such that the
final clusters were released at the end of the degradation
process, with the degradable matrix remaining accessible
to enzymes down to the center of the particle. The re-
sulting clusters of spherulites must have a fluffy structure
with deep holes down to the center.

Figure 11 corroborates this conclusion. It shows the
surface and volume of all spherulite clusters obtained. In
all five cases we see a clear separation of clusters into one
dominant and into very small clusters. The dominant
cluster is always made of around 90% of the spherulites,
and it always has a high or very high surface-to-volume
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ratio, which is characteristic for a fluffy, loosely connected
structure. The numeric values of these ratios are given in
the bottom row of table II.

We remind the reader that the numbers presented in
table II and in the figures result from numerical modeling.
We rely on the model parameters we have fitted to exper-
imental data in reference [17]. What does our prediction
in table II imply in terms of particles per liter? In refer-
ence [23] we used around 5mg/mL of polyester powder,
up to size 150µm, in 1mL of buffer solution. Thus, there
were around 1.7× 103 particles in 1mL solution, initially.
According to table II, for example for PET bottles pro-
cessed at 65◦C, these particles are reduced to 34% of
their initial volume, and around 4.1×106 additional small
particles are split off from them. These millions of small
particles represent only 3% of the initial volume.

VII. CONCLUSION

For enzymatic depolymerization, plastic material is
thermally pre-treated and mechanically broken into amor-
phous particles. The process is then a competition be-
tween depolymerization at the surface and growth of
recalcitrant embedded spherulites. Under typical con-
ditions, the undegraded, residual material represents a
significant fraction of the initial polymer mass. Depend-
ing on the quality of the waste stream and its treatment
history, at least 40% of the material actually remains in
form of spherulitic clusters.

Here, we characterize the morphology of these
spherulitic clusters. We extended the numerics of our
geometric model for enzymatic degradation of plastic
particles from reference [17], such that it yields also the
clusters of connected crystalline spherulites. The numerics
make extensive use of Delaunay/Voronoi tessellations.

In the degradation dynamics of plastic particles we iden-
tify three prototypical cases which differ in the quantity
and in the properties of the resulting spherulite clusters.
They are presented in figures 3, 4 and 5: If the spherulites
are few and grow slowly, they form only small clusters.
At intermediate growth rate, called the “diverse case”,
they form both small clusters and a dominant one. The
latter cluster is a loosely connected, fluffy structure of
many spherulites. It has holes and crevasses nearly down
to its center. It is further characterized by a very large
surface-to-volume ratio. If the spherulites’ growth rate
is high, they all form a single, filled cluster with a low

surface-to-volume ratio close to that of a sphere. We pro-
vide quantitative measures of these clusters, both their
overall quantities, and also those of the largest/dominant
cluster.

We find that the formation of spherulite clusters is
characterized by two timescales, one for the formation of
a dominant cluster, the other for the formation of a dense
core in such a cluster. We provide analytic estimates for
both timescales – for each of them we focus the model
to a simpler, effective one that allows for an alternative
treatment. One of them is similar to a percolation model,
well-studied in the statistical physics of disordered media,
the other one makes use of Delaunay/Voronoi tessellations
and extreme-value statistics.

We apply the model to parameters fitted to and match-
ing the outcome of experiments on the degradation of
PET from two different sources of waste, treated at dif-
ferent temperatures. The degradation dynamics and the
resulting spherulites are presented in figures 10 and 11.
We find that under the given experimental conditions the
degradation was always in the “diverse case”, leading to
a dominant remaining cluster of spherulites. The “dilute
case” is excluded by means of the high initial crystallinity.
The “dense case” would also be possible, but the growth
rates of spherulites turn out to be small enough for this
case not to occur.

The model predicts the resulting semi-crystalline parti-
cles as fluffy assemblies of small spherulites, which have
practically no solid core and a very high surface-to-volume
ratio. Their size is nearly the size of the initial particle,
which results from the grinding pre-treatment; in the ex-
ample examined in this paper the initial particle size was
around 160µm. In addition to the dominant cluster, the
depolymerization produces very small spherulite clusters.
In our case of PET these small microparticles have sizes
between 3µm and 30µm. Together they make up only a
few percent of the initial volume, see table II. However,
the number of these small clusters is huge: In our example
of PET depolymerization, they are three orders of magni-
tude more numerous than the initial particles (between
267 and 2429, see table II). The exact numbers depend
on the material, they are influenced by the pre-treatment,
and they depend on the nucleation rate and growth rate
of spherulites under depolymerization reaction conditions.

The presented model is intended to draw attention to
the microparticle production during the depolymerization
process and to help to find efficient strategies to deal with
this leftover material in the overall design of the recycling
process.
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